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CHARACTERIZATIONS OF ELEMENTS OF BEST APPROXIMATION AND e-APPROXIMATION IN NON-ARCHIMEDEAN NORMED SPACES
Some characterizations of elements of best approximation in non-archimedean normed spaces were given in [5] . In this paper we consider the problems of simultaneous characterization of elements of best approximation and characterization of elements of ¿-approximation in non-archimedean normed spaces.
Let X be a non-archimedean (n.a.) normed space over a non-triviaUy valued field F , and let G be a linear subspace of X, x G X \ G and £ > 0. An element go G G is said to be a best approximation to x, if ||a: -go\\ < ||x -<7| | for all g G G, i.e., ||x -<7o| | = d (x,G) , and e-approximation to x, if ||x-5o|| < II®-<7||+£for all 5 G G, i.e., ||a:-<fo|| < d(x,G)+e. We shall denote by LQ(X) the set of best approximations to x in G and by LA(X,E) the set of ¿-approximations to x in G, i.e., LQ(X) = {GO G G : ||a: -</o|| = D(x,G)} and LG(X,S) = {50 G G : ||® -<7o| | < d(x,G) + e}. One of the advantages of considering the sets LG(X,£) with E > 0 instead of the sets LG(X) is that the sets LG(X,E) are always non-empty.
A natural generalization of the problems considered in [5] is simultaneous characterization of a set of elements of best approximation, i.e., by given: a n.a. normed space X, a linear subspace G of X,x£X\G and a subset M of G, what are the necessary and sufficient conditions that every element go G M would be an element of best approximation to x by the elements of G 1 This problem of simultaneous characterization in normed linear spaces was considered by I. Singer (see [8] , Corollary 1.3, p. 23). We shall consider this problem in n.a. normed spaces. We shall also consider the problem of characterization of elements of ¿-approximation in n.a. normed spaces. In general normed linear spaces this problem was considered by R. C. Buck [1] (who introduced the notion and used the term elements of good approxi-mation instead of elements of e-approximation), I. Singer (see [8] , Theorem 6.12, p. 163) and few others. To start with we recall few definitions.
A n.a. space (field) is said to be spherically complete, if every nest of closed spheres in the space (field) has a non-empty intersection.
A n.a. normed space X has the extension property, if every linear functional on any linear subspace G of X can be extended to the whole X without increasing its norm.
The following theorems giving characterizations of elements of best approximation were proved in [5] . THEOREM It is well known (see e.g. [7] , Theorem 4.15, p. 108; or [4] , Theorem 3) that a n.a. normed space X has the extension property if and only if the underlying field F is spherically complete. Since in the proofs of Theorems 1 and 2, the Hahn-Banach theorem is used only for linear functionals, it is sufficient to assume (as also remarked by the reviewer-MR 87C: 41027) that X is a n.a. normed space over a spherically complete field F.
Suppose that G is a linear subspace of a spherically complete normed linear space X, x G X \ G and go G G. Then go G LQ{X) if and only if there exists an f G X* such that for every g G G one has
o) m = o, (ii) \f(x-go)\ = 11« -Poll, (iii) \f(x-g)\<\\x-g\\.
THEOREM 2. Let X be as in Theorem 1, M a linear manifold in X, x G X \ M and mo G M. Then mo G LM(X) if and only if there exists f G X* such that for every m G M one has
The following theorems give simultaneous characterization of a set of elements of best approximation in n.a. normed spaces. In general normed linear spaces such characterizations were given by I. Singer (see [8] ). Now we consider the problem of characterization of elements of ¿'-approximation in n.a. normed spaces, i.e., characterization of elements of the set LG(X,E). It is easy to observe (as in [2] for general normed spaces) that (1) L G (x,e) = G n B(x,d(x,G) + e),
Thus | f(x -/i)| = ||x -/i|| for all h £ H, which proves (ii). Conversely, let us suppose that there exists an f £ X* satisfying (i), (ii) and (iii). Let h £ H be arbitrary. Then, by Theorem 1, h £ LQ{X). Hence
H C L g {X)
THEOREM 4. Let X be as in Theorem 3, M a linear manifold in X, x £ X \ M, mo £ M and H C M. Then H C LM{X) if and only if there exists an f £ X* such that for every m £ M one has
where B(x,r) denotes a closed ball with centre x and radius r and Bo(x,r) such an open ball. Similar to characterization of elements of e-approximation in normed linear spaces (see [8] , Theorem 6.12, p. 163), we have the following theorem which gives a characterization of elements of e-approximation in n.a. normed spaces. THEOREM 5. Suppose that X is a n.a. normed space over a spherically complete field F, that G is a linear subspace of X, x G X \ G, go G G and 
E) if and only if there exists an f
G X* such that ( a ) f{d) -0 for every g G G, (b) \f(x-g 0 )\ > ||®-flfo||-e, (c) f(x) -d = dist{x, G).
